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Abstract. Optical multi-mode systems provide large scale Hilbert spaces that can
be accessed and controlled using single photon sources, linear optics and photon
detection. Here, we consider the bipartite entanglement generated by coherently
distributing M photons in M modes to two separate locations, where linear optics
and photon detection is used to verify the non-classical correlations between the two
M -mode systems. We show that the entangled state is symmetric under mode shift
operations performed in the two systems and use this symmetry to derive correlations
between photon number distributions detected after a discrete Fourier transform
(DFT) of the modes. The experimentally observable correlations can be explained
by a simple and intuitive rule that relates the sum of the output mode indices to the
eigenvalue of the input state under the mode shift operation. Since the photon number
operators after the DFT do not commute with the initial photon number operators,
entanglement is necessary to achieve strong correlations in both the initial mode photon
numbers and the photon numbers observed after the DFT. We can therefore derive
entanglement witnesses based on the experimentally observable correlations in both
photon number distributions, providing a practical criterion for the evaluation of large
scale entanglement in optical multi-mode systems. Our method thus demonstrates
how non-classical signatures in large scale optical quantum circuits can be accessed
experimentally by choosing an appropriate combination of modes in which to detect
the photon number distributions that characterize the quantum coherences of the state.
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1. Introduction
The development of large scale quantum information processing in quantum optics
systems [1–9] can be achieved by combining the non-classical optical fields generated
by single photon sources [10–20] with increasingly complex networks of multi-mode
interferometers [21–28]. It is now possible to realize large scale optical circuits by
integrating optical fibers on chips or by writing the optical waveguides directly into
a material by 3D printing. As a result, there has been an increasing interest in the
possibilities of multi-mode interferences such as Boson sampling [29–32], multi-mode
quantum metrology [26, 28, 33], as well as new methods of entanglement generation
between spatially separate multi-mode systems [34]. Different from the well-studied
case of two-path interferometers, the effects of a linear transformation of the modes on
the photon statistics observed in the output of a multi-mode interferometer is much
more difficult to characterize [35–38]. In general, the output photon statistics of a well-
defined photon number input can be determined by calculating the permanent of the
corresponding transformation matrix, but this is itself a NP-hard problem [35, 39, 40].
In the case of entanglement between two photonic multi-mode systems, it is therefore
difficult to identify characteristic non-classical features that scale up naturally and
remain easily accessible as the number of photons and modes increases. As a result, it
is desirable to develop more specific theories that make use of convenient properties of
the interferometers, such as symmetries between the modes.
In this paper, we address the problem of identifying the characteristic signatures of
the bipartite entanglement between two multi-mode systems that is naturally generated
by passing the light emitted by single photon sources through beam splitters [34].
When a large number of modes is split in this fashion and each of the output modes is
distributed to two separate locations, the quantum state of the two multi-mode systems
is highly entangled. Although this entanglement is easy to generate experimentally,
there will be a large number of imperfections and errors associated with the difficulties
of controlling large numbers of modes and photons. It is therefore necessary to identify
experimentally observable criteria to judge wether a given experimental implementation
is sufficiently close to the ideal entanglement predicted by theory. Specifically, we need
to formulate entanglement witnesses that can be applied to the measurement statistics
of arbitrary quantum states, regardless of the types of errors and imperfections that
may have occurred in the experiment.
In general, the experimental evaluation of entanglement requires the performance
of separate measurements of non-commuting local properties in the two systems, e.g.
the X and Z components of two entangled qubits. In multi-mode systems, it is possible
to use the photon number distributions realized by different linear transformations of
the modes. Specifically, the photon number operators of two complete sets of orthogonal
modes do not commute with each other, and can therefore be used to construct
entanglement witnesses. The problem is that it takes complicated mathematical
procedures to relate the linear transformation of modes to the resulting transformations
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of the Fock states representing multi-photon distributions. It is therefore necessary to
develop a simple and experimentally feasible strategy to identify the specific statistical
signatures that would not be possible without entanglement. For that purpose, we
propose the application of discrete Fourier transforms (DFT) to relate two sets of modes
to each other by multi-mode interferometry. Although the DFT produces complicated
photon number patterns by interfering all of the modes with each other, the symmetry of
the operation under mode shifts allows us to classify and characterize the patterns in a
manner that enables us to efficiently identify the effects of entanglement experimentally.
Specifically, the mode shift symmetry of the DFT converts a cyclic shift of the input
mode indices into a well-defined phase shift of the output modes. This useful property
of the modes can be applied directly to the transformation of photon number states,
resulting in a simple relation between the two representations of the quantum state
which we call the mode shift rule of DFTs. This mode shift rule identifies the quantum
coherences between different input photon numbers of the DFT with sets of photon
number distributions in the output, allowing us to identify the effects of quantum
coherences in the entangled input state on the correlations between photon number
patterns observed after the DFT has been applied to both multi-mode systems. Based on
this fundamental insight into the relation between photon number distributions before
and after the DFT, we can then derive experimental criteria for the verification of
entanglement between two multi-mode systems of arbitrary size and photon numbers.
The remainder of the paper is organized as follows. In section 2, we discuss the
generation of entanglement between two local M -mode systems A and B by beam
splitting M single photon input modes. In section 3, we analyze the distribution of
photons between the systems A and B and consider the entanglement in each distribution
subspace. In section 4, we consider measurements suitable for the verification of
entanglement in the presence of experimental imperfections. We show that non-
commuting measurements can be implemented by linear optics and photon detection and
identify the DFT as the most promising realization of non-commuting photon detection
measurements . In section 5, we formulate the mode shift rule of DFTs to describe
the relation between quantum coherence in the input photon number basis and photon
number distributions observed in the output of DFTs. In section 6, we employ the
mode shift rule to formulate an experimentally observable criterion for entanglement
verifications by identifying the bounds of correlation fidelities that apply to all separable
states of the two multi-mode systems. In section 7, we consider the statistics of pattern
classes observed in the original input modes and derive an optimized entanglement
witness. In section 8, we illustrate the evaluation procedure using the specific example
of 4-mode single photon inputs split into two local 4-mode systems with 2 photons each.
Section 9 concludes the paper.
Evaluation of bipartite entanglement between modes using translation symmetry 4
Figure 1. The schematic setup of entanglement generation between two 2-mode
systems in [46]. Two single photons in the {H,V } polarization modes are generated
from a down conversion source, and distributed by beam splitters into two local system
with the modes {HA, VA} and {HB , VB}, respectively. The state |ψ2〉 after the beam
splitting is given in Eq. (2). By post-selecting one-photon detection events in each
local system, one projects the |ψ2〉 onto the entangled state |φ1A,1B 〉 in Eq. (3).
2. Entanglement from multi-mode beam splitting
Multi-mode systems can be characterized experimentally by photon number detection.
Ideally, it is possible to assign a specific photon number nm to each mode m, so that
the observed photon number distribution can be given by an array
n = (n0, ..., nM−1), (1)
where the modes are indexed by {0, ...,M−1}. Since the photon numbers are eigenvalues
of the M harmonic oscillator modes, each photon number distribution corresponds to a
well defined energy eigenstate |n〉 in the Fock space of the M -mode system.
Entangled states of two M -mode systems can be described by a superposition of
photon number states |nA〉 |nB〉, where the photon number patterns nA are correlated
with the photon number patterns nB. The simplest example is a single photon passing
through a beam splitter, which results in a coherent superposition of the photon number
state |1A〉 |0B〉 where the photon is found in A, and the photon number state |0A〉 |1B〉
where the photon is found in B. Technically, this superposition is a maximally entangled
Bell state of the local modes at A and at B given by (|1A〉 |0B〉+ |0A〉 |1B〉)/
√
2 [41–45].
However, photon detection can only access the {|0〉 , |1〉} basis, making it impossible to
observe the entanglement without additional ancillary photon sources.
Conveniently, the situation changes when this system is scaled up by combining
multiple single photon inputs, distributing them to the multi-mode systems A and B.
A well known example is the generation of entangled pairs used in one of the earliest
experiments of entanglement generation by Ou and Mandel [46], where two orthogonal
modes are split by two beam splitters and the 4 output modes are separated into two
local systems with two modes each (see Fig. 1) . Two single photons are generated in
the modes {H,V } and then distributed into the local systems A and B by the beam
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Figure 2. Generation and evaluation of bipartite entanglement from M single photon
inputs. The input modes and the modes in each output port are indexed by 0, ...,M−1.
The M single photon inputs are split by M beam splitters, generating the output state
|ψ〉. For the evaluation, a selection of linear optics transformations UˆA and UˆB are
applied to the modes, transforming the photon number operators in the different modes
into sets of non-commuting observables.
splitters, resulting in the state
|ψ2〉 = 1
2
(|00〉A |11〉B + |11〉A |00〉B + |01〉A |10〉B + |10〉A |01〉B). (2)
By post-selection of the outcomes with only one photon in each local system , one can
obtain the two photon Bell state
|φ1A,1B〉 =
1√
2
(|01〉A |10〉B + |10〉A |01〉B). (3)
As is well known, it is easy to access the entanglement of this state using linear optics
and photon detection, since the two-mode transformations of linear optics map directly
onto the Bloch sphere of the two-level single photon systems.
It is a straightforward matter to scale up the procedure of generating bipartite
entanglement by beam splitting to general M ⊗M -mode systems [34]. As shown in the
left part of Fig. 2, M photons in M input modes can be split by M beam splitters and
distributed into two separate locations A and B. Each local system then has M modes
described by mode indices m = 0, ...,M − 1 that correspond to the mode index of the
input mode from which they originated. Since the photon in input mode m will either
appear in the corresponding mode m of port A or in the corresponding mode m of port
B, the state |ψM〉 obtained after the photons have been distributed to A and B is given
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by a coherent superposition of all possible photon number states |nA〉 |nB〉 satisfying
the complementary correlation nA + nB = (1, ..., 1),
|ψM〉 =
(
1√
2
(|1〉A |0〉B + |0〉A |1〉B)
)⊗M
=
1
2M/2
∑
nm≤1
|n〉A |n¯〉B , (4)
where n are the M -dimensional vectors describing the photon number distribution in
the M modes. Each vector represents a specific distribution pattern, and in general,
n could take any value from 0 to M . However, the input patterns are restricted to
patterns with n = 0 or n = 1, so that it is possible to define the complementary pattern
n¯ as (1, ..., 1)−n. Consequently, the sum in Eq.(4) runs over all M -mode patterns with
maximally one photon in each mode.
The state |ψM〉 exists in a Hilbert space that includes many different photon
number distributions between system A and system B. However, linear optics and
photon detection will always identify the precise value of the local photon number. It
is therefore not possible to access the coherences between subspaces with different local
photon numbers without using additional resources such as weak coherent input fields.
For practical reasons, it is useful to distinguish the total photon numbers in the local
systems before analyzing the entanglement that can be observed by detecting the precise
distribution of photons within each local M -mode system.
3. Distribution of photons between A and B
Linear optics transformations always conserve the total photon number. This means
that, no matter what linear optics transformation we chose, the total output photon
number at the detectors remains the same. Conversely, it also means that linear
optics and photon number detection is never sensitive to quantum coherences between
states of different total photon number. We can therefore classify the measurements
performed by linear optics and photon detection according to the total photon number
N detected in the output. If ΠˆNM is the projector on the M -mode Fock states with a total
photon number of N , we can express each measurement as a sequence of projection on
total photon number, unitary transformation, and final detection of the specific photon
number distribution |n〉 with |n| = N ,
| 〈n|Uˆlin.|ψ〉 |2 = | 〈n|Uˆlin.ΠˆNM |ψ〉 |2. (5)
Since the operator ΠˆNM can be applied to the input state |ψ〉 before the linear optics mode
transformation, it is sufficient to consider the quantum statistics of the reduced state
ΠˆNM |ψ〉 by itself, separate from the components with different total photon numbers. In
the case of the entangled state |ψM〉, we can apply the same reasoning to both local
systems and make use of the fact that the total photon number is M . The probabilities
for a specific set of detection patterns are then given by the probabilities
P (nA,nB) = | 〈nAnB|(Uˆ (A)lin. ⊗ Uˆ (B)lin. )(ΠˆNM ⊗ ΠˆM−NM )|ψM〉 |2, (6)
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where N = |nA| is the total photon number detected in A and M − N = |nB| is the
total photon number detected in B. Since any photon detection measurement clearly
distinguishes between the different partitions of photon numbers between A and B, it
is useful to characterize the quantum state components associated with each partition
separately.
The probability of obtaining a photon number partition of (N,M − N) is given
directly by the expectation value of the projectors and is easily obtained from the
binomial statistics introduced by the beam splitters that distribute the photons to A or
B,
P (N,M −N) = 〈ψM |ΠˆNM ⊗ ΠˆM−NM |ψM〉 =
1
2M
(
M
N
)
. (7)
If we use the total photon number as a fixed condition in the evaluation of the
entanglement, we can convert the measurement probabilities P (nA,nB) into conditional
probabilities by dividing them by P (N,M − N). The measurement probabilities for
specific patterns (nA,nB) with |nA| = N and |nB| = (M − N) are then obtained
directly from the normalized quantum state in the (N,M −N) subspace, which is given
by
|φN,M−N〉 = 1√
P (N,M −N)Πˆ
N
M ⊗ ΠˆM−NM |ψM〉 . (8)
Effectively, we can always post-select the state |φN,M−N〉 in any measurement that
identifies the total photon number in A and in B. We can therefore simplify our analysis
by looking at the entanglement of one post-selected state at a time. It should be noted
that the state |φN,M−N〉 is still an entangled state of two multi-photon M -mode systems.
In fact, the post-selection does not change the structure of the entangled state much,
as can be seen when it is expressed in the input mode photon number basis,
|φN,M−N〉 = 1√(
M
N
) ∑
nm≤1,|n|=N
|n〉 |n¯〉 . (9)
The entanglement is still expressed by perfect correlations between the photon number
patterns in A and their complementary patterns in B, and the only change with regard
to the original state is that the sum runs only over patterns that have exactly N photons
in system A. For example, with 4 single-photon inputs one can generate the state |ψM=4〉
in the entanglement generation process of Fig. 2,
|ψM=4〉 = 1
4
(
|φ0A,4B〉+ 2 |φ1A,3B〉+
√
6 |φ2A,2B〉+ 2 |φ3A,1B〉+ |φ4A,0B〉
)
, (10)
where |ψ4〉 is a superposition of the components |φN,4−N〉 with different photon number
partitions. The post-selection of the photon number partition (2A, 2B) from the 4-photon
state |ψ4〉 is perfectly correlated in 6 complimentary patterns,
|φ2A,2B〉 =
1√
6
(|1100〉 |0011〉+ |0110〉 |1001〉+ |0011〉 |1100〉+ |1001〉 |0110〉
+ |1010〉 |0101〉+ |0101〉 |1010〉) . (11)
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The post-selected states are maximally entangled in a Hilbert space of dimension(
M
N
)
, as compared to the original entanglement with a Schmidt rank of 2M . Specifically,
the original 2M -dimensional entanglement is divided up into M+1 different components
|φN,M−N〉 of which all except the one-dimensional cases of N = 0 and N = M are
entangled states. The two separable states |φ0,M〉 and |φM,0〉 both have a probability of
1/2M , which falls off exponentially as the input photon number M increases. In general,
the Schmidt rank of all entangled states |φN,M−N〉 is proportional to the probability of
detecting the state |φN,M−N〉 in the input |ψM〉. This means that the probability of
detecting a state actually increases with the amount of entanglement in that state. The
states with the highest probabilities P (N,M − N) are the states with nearly equal
photon numbers in A and B. For high input photon numbers M , this probability can
be approximated by a Gaussian distribution,
P (N,M −N) ≈
√
2
piM
exp(− 2
M
(N − M
2
)2). (12)
The Schmidt rank of each photon number partition is given by 2MP (N,M − N),
indicating that the vast majority of post-selected states have high amounts of
entanglement. Since the Schmidt rank of the complete input state is 2M , the maximal
probability of P (M/2,M/2) is a good estimate of the expected reduction of Schmidt
rank caused by the use of linear optics and photon detection. As can be seen from Eq.
(12), this reduction ratio scales with the square root of M , which is nearly negligible
when compared to the exponential scaling of the overall Schmidt rank. We can therefore
conclude that the limitation to linear optics and photon detection reduces the amount
of available entanglement only slightly while greatly reducing the technological effort
involved in the characterization and application of the entangled state. In the following,
we will take a closer look at the possible measurements that can be performed to
characterize the entangled state in experiments.
4. Transformation of photon number states by linear optics
In practice, it will be difficult to achieve precise control of the number of photons
generated, and mode matching errors and losses may result in a wide variety of additional
experimental imperfections. It is therefore important to identify characteristic features
of the entangled state that are robust against such imperfections, and can be used
as experimental criteria for the verification of entanglement generation. The basic
procedure for entanglement evaluation is shown in right part of Fig. 2. Correlations
between non-commuting physical properties can be observed by applying different linear
optics transformations UˆA and UˆB to the local multi-mode systems. These local unitaries
change the measurement basis of photon detection by transforming the modes in which
the photons are detected. The transformed measurement basis corresponds to the
photon number operators nˆ′k = Uˆ
†nˆkUˆ in the output modes k = 0, ...,M − 1 of
the local linear transformation Uˆ , which do not commute with the original photon
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number operator {nˆm}m=0,...,M−1 in the input modes. It is therefore possible to verify
entanglement by using only two pairs of unitaries, where one pair is given by the identity
operation 1 ⊗ 1 and the other pair Uˆlin. ⊗ Uˆlin. generates a maximally complementary
non-commuting photon number basis. Here the application of Uˆlin. corresponds to the
application of Hadamard gates to qubits in order to transform the computational Z-
basis into the non-commuting X-basis. It will then be possible to identify entanglement
witnesses based on the probabilities of photon number distributions observed either in
the input modes or after Uˆlin. has been performed.
We now need to find an optimal linear optics transformation to obtain a suitable
complementary basis for the evaluation of the entanglement. For this purpose, we need
to consider the matrix elements that connect the output photon number distribution in
output modes k to the input photon number distributions in input modes m. However,
linear optics transformations are usually expressed by a unitary M ×M matrix that
described by the transformations of the M creation operators associated with the
coherent field amplitudes of the modes,
Uˆ †lin.aˆ
†
kUˆlin. =
M−1∑
m=0
T ∗kmaˆ
†
m. (13)
In terms of photon number distributions, the coefficients Tkm represent the possibility
of a photon transfer from mode m to mode k. It is in principle possible to construct all
multi-photon matrix elements of Uˆlin. from Eq. (13). However, the calculations involve
complicated quantum interference effects, making it a non-trivial task to determine the
complete multi-photon statistics of linear optics transformations. Specifically, quantum
interference results in photon bunching effects, which results in a preference for output
patterns with multiple photons in the same mode. We can therefore conclude that any
linear optics transformation applied to the entangled state |φN,M−N〉 of Eq. (9) which
has at most one photon in each input mode is likely to result in output photon number
distributions with more than one photon in each mode. This means that most output
measurements cover the complete Hilbert spaces of N photons in M modes, so that it is
necessary to find efficient classification schemes in order to identify correlations between
the different kinds of photon number distributions observed in system A and in system
B.
Since all of the modes are treated equally in the entanglement generation procedure,
the optimal transformation should also be symmetric in the modes. We should therefore
consider a linear optics transformation that interferes equal fractions of each input mode
with each other, resulting in a unitary matrix with |Tkm|2 = 1/M . In addition, we need
a transformation that is easy to apply to any number of modes. By combining these
two requirements, we arrive at the discrete Fourier transform (DFT) UˆF, given by
Uˆ †Faˆ
†
kUˆF =
M−1∑
m=0
1√
M
e−i
2pi
M
kmaˆ†m. (14)
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For single photon states, the condition that all modes interfere equally corresponds
to the requirement that the input photon number basis is mapped onto a mutually
unbiased output basis. However, the results for multi-photon input states involve
quantum interferences and photon bunching effects that result in a more complicated
relation between the input basis and the output basis. In the following, we will simplify
the analysis of output photon number distributions of the DFT by taking a closer look
at the symmetry between the input modes and its effects on the relation between input
and output in the DFT.
5. Eigenstates of the mode shift operation
The DFT in Eq. (14) is based on a cyclic ordering of the modes given by the mode
index m which is a modular value running from m = 0 to m = M − 1. This ordering
of the modes can be used to define a cyclic mode shift operation which transforms the
creation operator of the m-th mode creation operator into the creation operator of the
(m+ 1)-th mode,
Sˆaˆ†mSˆ
† = aˆ†m+1, (15)
where m is modular in M , so that aˆ†M−1 is transformed into aˆ
†
0. When applied directly
to a photon number state, the mode shift operator simply moves the photon number
distribution accordingly, e.g. Sˆ2 |110〉 = Sˆ |011〉 = |101〉. One can then identify sets of
cyclic patterns Ep, such that all of the states in the set can be transformed into each
other by multiple applications of the shift operation Sˆ,
Ep = {Sˆ∆m |p〉 : ∆m = 0, ...,M − 1}. (16)
The whole set can then be identified by a single representative photon number
distribution pattern p. In the following, we will refer to the set of states Ep as the
input pattern class p. Note that the cardinality of most input pattern classes is M ,
since it usually takes M applications of Sˆ to return to the original pattern. However,
some input pattern classes have a lower cardinality because the symmetry of the original
pattern reduces the number of shifts needed to return to the original pattern, resulting
in integer fractions of the original cardinality, M/2, M/3, and so on. For example, the
input pattern class E1010 = {|1010〉 , |0101〉} has a cardinality of M/2 = 2, since only
two shifts are needed to return the pattern 1010 to itself. The Hilbert subspace spanned
by the photon number basis Ep of the input pattern class p will be denoted as Hp in the
rest of this paper, while the cardinality of the input pattern class p is denoted by dp.
We can now consider the effect of a mode shift operation performed in the input of a
DFT on the output photon number distributions observed after the DFT. According to
the relation between input creation operators and output creation operators described
in Eq.(14), the effect of the output mode shift operation is given by
Sˆ
(
Uˆ †Faˆ
†
kUˆF
)
Sˆ† = ei
2pi
M
k
(
Uˆ †Faˆ
†
kUˆF
)
. (17)
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Thus, the mode shift operation performed in the input of the DFT results in a phase
shift for each output mode k. Specifically, the phase shift is given by 2pik/M , which is
proportional to the mode index k. The eigenstates of a phase shift in a given mode are
the photon number states of that mode. In the present case, the output photon number
states Uˆ †F |n〉 are the eigenstates of the mode shift operator Sˆ, where the eigenvalues
are given by the products of the phase factors exp(i2pinkk/M) of the M output modes.
The eigenvalue equation then reads
Sˆ Uˆ †F |n〉 = ei
2pi
M
K(n) Uˆ †F |n〉 , (18)
where K(n) is the modular value of the total mode index of the photon number state
|n〉 given by
K(n) =
∑
k=0,...,M−1
nkk (mod M). (19)
A value of K = 0 indicates that the pattern is centered around the k = 0 mode, so that
for any photon shifted to a higher k value, another photon is shifted to a lower k value.
A non-zero K value can be obtained by shifting one of the photons in a K = 0 pattern
to the next higher mode. The K value is therefore a measure of the total unbalanced
mode shifts in the distribution of photons over the output modes. For example, the
patterns 0101, 2000 and 0020 are symmetrically distributed around the 0-th mode and
have a total value of K = 0, while the patterns 0011, 1100 can be obtained by shifting
one photon in the K = 0 patterns to the next mode and therefore have a total value of
K = 1.
As shown by Eq. (18), the statistics of the measurement outcomes detected after
the DFT are not changed by a mode shift operation on the input,
| 〈n|UˆFSˆ∆m|ψ〉 |2 = | 〈n|UˆF|ψ〉 |2, (20)
where ∆m is a completely arbitrary integer. This relation has direct implications for
the cyclic pattern classes Ep, since the elements in these classes are related to each
other by input mode shifts. We can therefore conclude that each state in a pattern
class produces the same output statistics after the DFT is applied to it, which means
that photon detection after the DFT cannot distinguish between different input states
from the same pattern class. To identify the states within the Hilbert space of an input
pattern class that are distinguished by the output measurement, we have to consider
the eigenstates of the mode shift operators for that specific pattern class,
Sˆ |Ep, K〉 = ei 2piM K |Ep, K〉 . (21)
Since the application of a mode shift operation on each element of the pattern class
produces the next element in the class, the eigenstates are equal superpositions of all
the elements in the class with the phases determined by K,
|Ep, K〉 := 1√
dp
dp−1∑
∆m=0
e−i
2pi
M
K∆mSˆ∆m |p〉 , (22)
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where dp is the cardinality of the pattern class p. Thus, in the Hilbert space Hp of the
pattern class p, the basis {|Ep, K〉} and the photon number basis {Sˆ∆m |p〉} are mutually
unbiased. The possible K values within the pattern class depend on the cardinality dp
and are multiples of M/dp,
K = 0,
M
dp
, 2
M
dp
, ...,M − M
dp
. (23)
For example, the set of eigenstates of the Sˆ operator in the input pattern class 1010
has a cardinality of 2, and K-values of 0 and 2. Specifically, the eigenstates |Ep, K〉 are
given by
|E1010, 0〉 = 1√
2
(|1010〉+ |0101〉), |E1010, 2〉 = 1√
2
(|1010〉 − |0101〉). (24)
Eq. (22) clarifies the relation between K-values of the output photon number
statistics and the quantum coherence between the different photon number distributions
Sˆ∆m |p〉 in the input states of the DFT. Each output photon number state |n〉 has its
own specific K-value, and therefore exists in the eigenspace of the mode shift operator Sˆ
spanned by the corresponding Sˆ-eigenstates |Ep, K〉 of the different input pattern classes.
It is therefore possible to express the measurement outcomes {UˆF |n〉} as superpositions
of pattern class states |Ep, K〉 with the same K-value ,
Uˆ †F |n〉 =
∑
p:|p|=|n|
c(n,p) |Ep, K(n)〉 , (25)
where the sum runs over all pattern classes that have the same total photon number
as n and include a state with a K-value of K(n) according to Eq. (23). For example,
K = 1 only occurs in pattern classes with the full cardinality of M . For a 2-photon
4-mode state, this means that the sum runs only over the pattern classes E2000 and E1100.
Specifically, the output states are given by
Uˆ †F |1100〉 =
1√
2
(|E2000, 1〉+ e−ipi4 |E1100, 1〉) ,
Uˆ †F |0011〉 =
1√
2
(|E2000, 1〉 − e−ipi4 |E1100, 1〉) . (26)
Experimentally, the observation of output photon number distribution |n〉 distinguishes
between different K-values, which in turn correspond to different superpositions of input
photon number distributions, as shown by Eq. (22). The observation of a specific K-
value therefore has direct implications for the quantum coherence between different
input photon number states.
We summarize these results by formulating the mode shift rule of DFTs, which
states that the K-values of photon number distributions n obtained in the output of a
DFT always distinguish the different eigenspaces of a mode shift operation in the input.
The mode shift rule can be used to identify the effect of quantum coherences between
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photon number states in the input on the photon number statistics observed in the
output. If a single K-value is observed in the output, it is possible to associate this K-
value with a specific phase relation between input photon number distributions related
to each other by a mode shift operation, as shown in Eq. (22). Although it is not possible
to identify the pattern classes from which the K-value originates, the observation of a
specific K-value is always associated with off-diagonal elements of the density matrix
expressed in the input photon number basis, and the probabilities of different K-
values are determined by summations of the off diagonal elements representing coherent
superpositions of input photon number states.
It may be worth noting that there is one special case where the mode shift rule
relates input photon numbers directly to output photon numbers. This occurs in pattern
classes of cardinality 1, which have the same photon number in each input mode. In this
case, the mode shift rule reproduces the suppression laws of DFTs introduced in [36,47],
which predict zero probability for all output patterns that do not have a K-value of 0.
However, this is the only case in which the mode shift rule does not involve quantum
coherent superpositions of different input photon number distributions.
For the evaluation of multi-mode entanglement by the correlations of outputs after
local DFTs, the general mode shift rule is needed to evaluate the quantum coherence
between photon number components. Due to the entanglement, the quantum coherences
observed in the two systems will be correlated, and these quantum correlations are
observable as correlations between the K-values observed in the output of the DFTs.
In the following, we will apply the mode shift rule to derive the K-value correlations
and use the results to derive entanglement witnesses based on photon detection before
and after local DFTs.
6. Entanglement criterion
The merit of applying the mode shift rule to the analysis of the photon number statistics
observed after a DFT is that the large amount of information in the photon number
distribution n obtained in the output measurement can be reduced to a single K-value
using Eq.(19). In the case of the entangled state |φN,M−N〉 between two multi-mode
systems of different local photon numbers N and M − N , this makes it possible to
efficiently analyze correlations between a wide variety of very different photon number
distributions observed at A and at B.
The application of the DFT to characterize the entangled state |φN,M−N〉 is
motivated by the fact that the beam splitting procedure is completely symmetric in
the modes M , so that a rearrangement of mode labels has no effect whatsoever on the
entangled state, as long as the lables in system A correspond to the lables in system
B. It is therefore obvious that a simultaneous mode shift operation performed in A and
in B does not change the state at all, making |φN,M−N〉 an eigenstate of this operation
with an eigenvalue of one,
Sˆ(A) ⊗ Sˆ(B) |φN,M−N〉 = |φN,M−N〉 . (27)
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If the entangled state |φN,M−N〉 is represented in the eigenstate basis of the local mode
shift operations Sˆ(A)⊗ Sˆ(B), Eq. (27) requires that only basis states with a modular sum
of KA+KB = 0 contribute to the entangled state. Within each pattern class, the perfect
correlation between input photon number patterns therefore transforms into a perfect
correlation between K-values, so that the entangled state for total photon numbers of
N and M −N can be written as
|φN,M−N〉 = 1√(
M
N
) ∑
p∈P(A)φ
∑
K
|Ep, K〉 |Ep¯,−K〉 , (28)
where P(A)φ denotes the set of pattern classes of N photons with zero or one photon
in each mode and p¯ is the complementary pattern class, obtained by exchanging zero
photon with one photon and vice versa. It should be noted that the initial patterns
p and p¯ are different from each other, resulting in different global phases for |Ep, K〉
and |Ep¯, K〉 according to Eq. (22), when p and p¯ belong to the same patten class. For
example, for 2-photons in 4-modes |E1100, 1〉 = − |E0011, 1〉.
Within each pattern class subspace, the eigenstates of the mode shift operators
and the photon number states are mutually unbiased. This means that separable
states can never have both opposite K-values (K,−K) in the local output modes
and complementary photon number patterns (n, n¯) in the local input modes. For
mixed states, this puts a well defined limit on the possible simultaneous correlations
in the K-values and in the input photon number distributions. The observation of both
correlations (K,−K) between the K-values of the output photon number distribution of
the DFT and the complementary correlations (n, n¯) in the original photon number basis
is therefore an experimentally accessible signature of the entanglement between A and
B. It is thus possible to verify the entanglement of the state |φN,M−N〉 by quantifying
the experimentally observed correlations between the photon number patterns in the
original modes, together with the correlations between K-values observed after the DFT
has been performed on both multi-mode systems. If these correlations exceed the bound
satisfied by all separable states, the experimental data confirms the successful generation
of entanglement between the multi photon systems at A and at B.
The correlations in the photon detection in the input modes can be quantified by
the fidelity Fn, which is given by the probability of observing the expected correlation
(n, n¯) between the input modes at A and at B. By summing over the probability of all
correctly correlated combinations of photon number distributions, we obtain
Fn =
∑
nm≤1
〈nn¯|ρˆexp.|nn¯〉 , (29)
where ρˆexp. is the density operator of the experimentally generated state. Similarly, the
correlations between the K-values of the photon number distributions detected after
DFTs have been performed in both systems can be quantified by the fidelity FK , which
is given by the probability of observing the correct correlation (K,−K) between the
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output modes at A and at B. By summing over the probability of all correctly correlated
combinations of photon number distributions, we obtain
FK =
∑
K(nA)+K(nB)=0
〈nAnB|UˆF ⊗ UˆFρˆexp.Uˆ †F ⊗ Uˆ †F|nAnB〉 , (30)
where KA, KB are the K-values associated with the photon number distributions nA,
nB respectively.
For the ideal entangled state |φN,M−N〉, these fidelities are both equal to 1, achieving
the maximal value of 2 for the sum of both fidelities. To obtain a quantitative criterion
for experimental entanglement detection, we have to identify the upper bound of the
fidelity sum for separable states. To do so, it is helpful to express the fidelities as
expectation values of operators,
Fn + FK = tr(Cˆnρˆexp.) + tr(CˆK ρˆexp.). (31)
These operators are projectors on the Hilbert spaces associated with the expected
correlations between the measurement outcomes. For the input photon number
correlation, this projection operator can be given by
Cˆn =
∑
nm≤1
|nn¯〉 〈nn¯| , (32)
where each local state is associated with a specific pattern class. It is therefore possible to
re-organize the sum into pattern classes, so that the correlations between pattern classes
p and complementary pattern classes p¯ are separated from the correlations between
pattern shifts m,
Cˆn =
∑
p
dp−1∑
∆m=0
(Sˆ ⊗ Sˆ)∆m |pp¯〉 〈pp¯| (Sˆ† ⊗ Sˆ†)∆m. (33)
Importantly, the correlation is always zero if the photon number distributions observed
in the output belong to different pattern classes. Oppositely, the fidelity of the
correlation between K-values in the output modes of the DFT is completely independent
of the pattern class combination. If the sum over pattern classes is separated from the
sum over the possible combinations of K and −K, the operator for the output photon
number correlation reads
CˆK =
∑
pA,pB
∑
K
|EpA , K; EpB ,−K〉 〈EpA , K; EpB ,−K| . (34)
Since this operator commutes with projections on specific pattern class subspaces, we
can evaluate the correlations between the K-values separately for each combination
of pattern classes pA and pB. To find an experimental criterion for the detection of
entanglement, we now consider the maximal fidelity sum that can be obtained if the
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imperfect state generated in the experiment is separable and contains no entanglement
whatsoever,
max
sep.
(Fn + FK) = max
ρsep.
(tr((Cˆn + CˆK)ρˆsep.)) = Bsep.. (35)
If the sum of the correlation fidelities exceeds this boundary, the state ρˆexp. generated
in the experiment is definitely entangled.
Since the operators representing the correlations between the input photon number
distributions n and the correlations between the K-values of the output photon number
distributions both commute with projectors onto the pattern class subspaces, we can
express the fidelities as a product of pattern class probability P (pA,pB) and the fidelity
for the projection of the state into that pattern class combination. Here, the pattern
class probability is given by
P (pA,pB) = tr(ΠˆpA,pB ρˆexp.) (36)
and the conditional pattern class states are given by
RˆpA,pB =
ΠˆpA,pB ρˆexp.ΠˆpA,pB
P (pA,pB)
, (37)
where ΠˆpA,pB is the projection operator on the (pA,pB)-pattern subspace HpA ⊗ HpB .
We can then express the Fidelities Fn and FK as an average over the fidelities in the
different pattern classes, as given by
Fn + FK =
∑
pA,pB
P (pA,pB) tr((Cˆn + CˆK)RˆpA,pB). (38)
Since the maximum of a statistical average cannot be larger than the maximal individual
contribution, we can identify all relevant bounds on Fn + FK by selecting the pattern
class subspace within which the maximal fidelity sum is achieved. For that purpose, we
need to evaluate the specific limits of the fidelity sum in each pattern class subspace.
A particularly simple limit is obtained when the pattern classes in system A and
system B are not complementary (pA 6= p¯B), so that according to Eq. (29) Fn is zero.
Since FK ≤ 1, the sum of the fidelities cannot exceed one for any state, entangled or
separable. The maximal value of Fn +FK = 2 associated with the ideal entangled state
can only be achieved in complementary pattern classes. For separable states Rˆp,p¯(sep.)
in complementary pattern subspaces (pA = p¯B), the photon number basis {Sˆ∆m |p〉}
and the K-basis {|Ep, K〉} are mutually unbiased. This means the eigenstates of Cˆn with
eigenvalues of 1 are equally distributed over all possible combinations of KA and KB, so
that the probability of opposite K-values KA = −KB is 1/dp. Likewise, eigenstates of
CˆK with eigenvalues of 1 have a probability of 1/dp for complementary photon number
distributions (n, n¯). It can be shown that no other product states exceed the sum of
fidelity Fn+FK achieved by these eigenstates [48,49]. Therefore the bound for separable
states Rˆp,p¯(sep.) in the complementary pattern subspaces (p, p¯) is given by
tr
(
(Cˆn + CˆK)Rˆp,p¯(sep.)
)
≤ 1 + 1
dp
, (39)
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where dp is the cardinality of the p-pattern class. We can summarize the results for
complementary and non-complementary pattern classes in a single inequality as follows,
tr
(
(Cˆn + CˆK)RˆpA,pB(sep.)
)
≤ 1 + 1
dpA
δpA,p¯B . (40)
According to Eq. (38), the fidelities for arbitrary states are obtained by averaging
over the fidelities of the contributions from different pattern spaces. Thus the highest
possible value of Fn + FK is achieved by a separable state from the subspace of
complementary pattern classes (p, p¯) with the lowest possible cardinality dp. As a
result, the upper bound of the fidelity sum for all separable states is given by
max
sep.
(Fn + FK) = 1 +
1
minp dp
. (41)
As mentioned above, any state that exceeds this bound is necessarily entangled. We
can therefore verify the bipartite entanglement between the two multi-mode systems
at A and at B by evaluating the correlations between photon distributions detected in
the input modes and the correlations between the K-values of the photon distributions
detected in the output modes of a DFT. If the experimentally determined values exceed
the bound given by Eq.(41) the generation of entanglement between the two multi-mode
systems has been verified.
The upper bound derived above makes no use of any information about the
actual pattern class distribution of the generated state. This may be a significant
disadvantage when most pattern classes of the state have a much higher cardinality
than the minimal cardinality used for the bound. It may therefore be useful to consider
the actual distribution of cardinalities of pattern classes for a specific number of modes
M . Specifically, a cardinality of dp = M means that the photon number distribution
p is different for each mode shift, while a cardinality of dp = M/ν means that the
photon number distribution p returns to the original distribution after only M/ν mode
shifts because the same pattern is repeated ν times along the M modes. Existence of
pattern classes with lower cardinalities thus requires that M can be factorized into ν
and M/ν. If the total photon number M is a prime number, then every local pattern
class has the cardinality M and the upper bound in Eq. (41) is optimal for every
local pattern class (pA,pB). However, prime numbers are less and less common as the
number of modes increases, so that a limitation to prime numbers may be inconvenient.
In addition, an even number of modes (or even a power of two for the number of modes)
may be convenient for the design of the experimental setup. We should therefore also
consider the worst case scenario, which occurs when an even total photon number M
is split into equal photon numbers of (M/2,M/2). The lowest cardinality of a pattern
class of M/2 photons in M modes is the cardinality of 2 of the pattern class E1010···10
which is complementary to itself. In this case, the bound derived above is definitely far
from optimal, resulting in a maximal value of 3/2 that is only achieved by separable
states from the two dimensional subspaces of a single pattern class. It is easy to see
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from the correlation measurements of the input photon number distributions that only
a very small fraction of the photons is found in this very small pattern class. We should
therefore consider an improvement of the bound that includes the actual pattern class
statistics observed in the experiment.
7. Tighter bounds based on pattern class statistics
As mentioned above, we actually obtain detailed information about the pattern class
distribution in the photon detection measurement of the input modes of the local DFTs.
As a consequence, we can determine the probability distribution P (pA,pB) from the
experimental data. Since the bounds for the different combinations of pattern classes
given by Eq. (40) must be satisfied separately by each combination (pA,pB), the bound
for a specific probability distribution P (pA,pB) is achieved by a mixture of separable
states from each pattern class that achieve the bound for that pattern class. This bound
is therefore simply equal to the average of the bounds for the individual pattern class
combinations,
max
sep.
(Fn + FK) = 1 +
∑
p
1
dp
P (p, p¯). (42)
Note that the bound is one if the pattern classes are not complementary, so the sum in
Eq. (42) run only over the complementary pattern class combinations.
Usually, bounds are formulated as maximal or minimal values achieved by the
experimental results under specific conditions. It is therefore useful to consider the
measurement-dependent term on the right-hand side of Eq. (42) on an equal footing
to the fidelities. For this purpose, we define the statistical average of 1/dp obtained
from the experimentally observed distribution of pattern classes as the the pattern class
defect Dp with
Dp =
∑
p
1
dp
P (p, p¯). (43)
By including the pattern class defect in the experimental evaluation of the quantum
state, we can formulate a new bound on separable states that reads
max
sep.
(Fn −Dp + FK) = 1, (44)
where Fn and Dp are obtained from the measurement on the input modes, and FK is
obtained from the measurements in the output of local DFTs. It is also possible to
express the pattern class defect Dp as the expectation value of an operator,
Dp = tr(ρexp.Cˆp) := tr
(
ρexp.
∑
p:nm≤1
1
dp
Πˆp,p¯
)
, (45)
where the sum runs over all the local pattern classes p that have corresponding
complementary pattern class, i.e. the photon number in each mode does not exceeds 1,
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nm ≤ 1. For completeness, we can also express the entanglement criterion by a witness
operator Wˆ , defined so that any positive expectation value of Wˆ indicates entanglement.
In terms of the operators defined previously, this entanglement witness is given by
Wˆ = Cˆn − Cˆp + CˆK − 1. (46)
The maximal eigenvalues of this entanglement witness are associated with the pattern
classes of maximal cardinality, dp = M . Within each pattern class of maximal
cardinality M , there exists a maximally entangled eigenstate of Wˆ with the maximal
eigenvalue of 1− 1/M .
Since the intended entangled state |φN,M−N〉 includes pattern classes with different
cardinality, it is not an eigenstate of W and has an expectation value of W that is
somewhat lower than the maximal eigenvalue of 1− 1/M . Specifically, the expectation
value is given by
〈φN,M−N |Wˆ |φN,M−N〉 = 1−
∑
p:nm≤1
1
dp
〈φN,M−N |Πˆp,p¯|φN,M−N〉 , (47)
where the probability of each pattern class with nm ≤ 1 is proportional to its cardinality
dp, so that each pattern class reduces the expectation value of the witness by the same
amount,
1
dp
〈φN,M−N |Πˆp,p¯|φN,M−N〉 = 1(M
N
) . (48)
Effectively, the average value of 1/dp is given by the ratio of the number of local pattern
classes with nm ≤ 1 and the total number of local photon distributions with nm ≤ 1.
As photon number increases, this average Dp is expected to converge on 1/M , since the
vast majority of pattern classes has a cardinality of M .
8. Entanglement between two systems with two photons in four modes
In this section, we will illustrate the principles explained above using the most simple
non-trivial case of M = 4 single photon inputs, where two photons are distributed
to A and two photons are distributed to B. Before the post-selection of N = 2, the
state is given by a superposition of the different photon number partitions in Eq. (10).
Since we are using linear optics and photon detection, we will always distinguish the
different photon number partitions from each other. The probability of obtaining a
completely useless output with zero photons in either A or B is 1/8. The probability
of getting a 4 × 4 entangled state of one photon entangled with three photons is 1/2.
In this case, there is a single pattern class in the system with one photon, and the
information contributed by the multi-photon patterns in the other system is generally
redundant. Thus the most interesting output is the distribution of two photons to each
system, which occurs with a probability of 3/8. However, it might be worth noting
that the probability of generating usable entanglement from four single photon inputs
is 7/8, which means that single photon sources can be used to generate entanglement
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(a) (b)
Figure 3. The probability distribution of photon number detection events for the state
|φ2A,2B 〉 (a) in the original input modes and (b) in the output modes of local DFTs.
The axes labled A and B show the photon distributions detected in each local system.
In (a), the photon distributions have been arranged according to the maximal number
of photons in one mode (Eq. (49)). In (b), the distributions have been organized
according to the K-value (Eq. (50)). The first three outcomes correspond to K = 0,
the next two outcomes have K = 1, followed by another block of three outcomes with
K = 2 and finally two outcomes with K = 3. The outcomes are clearly grouped in
correlated blocks corresponding to the expected correlations in K.
on demand with a success rate that is almost as high as the success rate of the initial
single photon generation. In the light of the rather low success rates associated with
most post-selected linear optics quantum circuits, this seems to be a noteworthy result.
We now focus on the output state |φ2A,2B〉, which is an entangled state with a
Schmidt rank of 6, as seen in Eq. (11). The photon number distribution of this
state in the input modes is shown in Fig. 3(a). In total, there are ten possible
output distributions, corresponding to the possible distributions of two photons in four
modes. In Fig. 3(a), these are arranged according to the three cyclic pattern classes
p = 2000, 1100, 1010, which have the following elements
E2000 ={|2000〉 , |0200〉 , |0020〉 , |0002〉},
E1100 ={|1100〉 , |0110〉 , |0011〉 , |1001〉},
E1010 ={|1010〉 , |0101〉}. (49)
The photon number outputs in A and B are perfectly correlated in the six
complementary pattern pairs (n, n¯) with maximally one photon in each mode. The
four patterns in E2000 with two photons in the same mode have a detection probability
of zero. If the photons are detected in the output modes of two local DFTs, all possible
output patterns will be observed. The probabilities of the different output distributions
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(a) (b)
Figure 4. The statistics of photon number detection of the separable state
|1100A, 0011B〉 (a) in the input modes and (b) in the output modes of two local DFTs.
Photon distributions are arranged in the same way as in Fig. 3. The red dashed
squares show outputs that have the correct correlation expected from the entangled
state input |φ2A,2B 〉and therefore contribute to the fidelities Fn or FK , respectively.
The blue dot-dashed squares indicate the complementary pattern classes (p, p¯) which
are used to determine the tighter bounds for separable states. In (a), the separable
input state corresponds to a well-defined measurement outcome with Fn = 1 and
P (E1100, E0011) = 1. In the output modes of the DFT, the photon number distributions
shown by the black squares in (b) each have a probability of 1/64. As a result, the
output mode correlation fidelity, i.e. the probability for the correlations (K,−K) (red
dashed squares), is FK = 1/4.
are shown in Fig. 3(b). Here, the correlation is between K-values, so it is convenient to
arrange the output distributions accordingly. The photon distributions with the same
K-value are
EK=0 ={|0101〉 , |2000〉 , |0020〉}, EK=1 ={|0011〉 , |1100〉},
EK=2 ={|1010〉 , |0200〉 , |0002〉}, EK=3 ={|0110〉 , |1001〉}. (50)
As can be seen in Fig. 3(b), the K-values are correlated so that the sum of the K-
values is zero or four. Specifically, there are four blocks corresponding to K-values of
(0, 0), (1, 3), (2, 2) and (3, 1). The remaining 12 combinations all have a probability of
zero. The sum of correlation fidelities is therefore Fn +FK = 2, while for the optimized
entanglement criterion, we have Fn + FK − Dp = 5/3, since the statistics of pattern
classes in Fig. 3(a) give a pattern defect value of Dp = 1/3.
We can now compare the statistics of the entangled state with the statistics obtained
from a separable state with Fn = 1. Fig. 4 illustrates the statistics obtained with the
product state |1100A, 0011B〉 from the pattern class E1100, which is complementary to
itself. Fig. 4 (a) shows the photon number distribution associated with this state
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as a black square. The red dashed lines indicate the results obtained from the ideal
entangled state |φ2A,2B〉 and the blue dot-dashed squares identify the combinations of
complementary pattern classes associated with the entangled state |φ2A,2B〉. There are
two pattern classes, both of which are complementary to themselves. The separable state
is located in the larger pattern class, so that its value of Dp is 1/4. For the entangled
state |φ2A,2B〉, the value is actually higher, since there are two pattern classes and six
photon number combinations, resulting in a Dp value of 1/3. Fig. 4 (b) shows the
photon distribution of the separable state in the output modes of the DFT. In general,
photon number states in the input modes have a completely random distribution of
K-values. In the specific case of the |1100A, 0011B〉 state we find 64 outcomes with
equal probabilities of 1/64 each, as indicated by the black squares in Fig. 4 (b). The
red dashed squares indicate the results with KA + KB = 0. Since the K-values of the
local state are completely uncorrelated and equally distributed over K = 0, 1, 2, 3, the
probability of finding the correct correlation is FK = 1/4. As expected, this is exactly
equal to the tighter bound for separable states, Fn−Dp+FK = 1. Fig. 4 thus illustrates
how a separable state achieves the bound given by Eq. (44).
The entanglement criterion applies to experimental data obtained under non-ideal
circumstances. It is therefore interesting to evaluate the robustness of the state |φ2A,2B〉
to potential error sources. In the absence of a specific error model, it is possible to
evaluate the robustness in terms of the quantum state fidelity Fstate. Since the correlation
fidelities Fn and FK for the target state are both 1, which contributes a fraction of Fstate
to the statistics, while the correlation fidelities for the errors have the minimum value
of 0, the quantum state fidelity provides a lower bound for both fidelities. Therefore we
find that
min(Fn + FK) = 2Fstate (51)
If we apply the entanglement criterion of Eq.(41) to the present case, the limit for
separable states is
min(Fn + FK) = 3/2. (52)
We find that this limit is always exceeded when Fstate > 3/4. Thus a quantum state
fidelity of more than 75 percent guarantees entanglement verification using the basic
entanglement criterion of Eq.(41). Note that the sufficiency of 75 percent fidelity for
entanglement is derived from the worst case scenario that the total mode number M = 4
is an even number. A quantum state fidelity of 75 percent therefore guarantees the
entanglement between A and B for arbitrary post-selected bipartite systems with N
photons at local system A and M −N photons at local system B.
A more specific analysis is necessary to determine the quantum state fidelity at
which the tighter bound of Eq.((44)) will be exceeded. Here, we have to take into
account the pattern class distribution and the associated values of Dp. As shown
above, the ideal state has Dp = 1/3 and hence the quantity Fn − Dp + FK has the
value 5/3 for the ideal component |φ2A,2B〉, which contributes a fraction of Fstate to the
statistics. Here, we also need to consider the possible contributions to Dp by the error
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statistics. However, the error statistics may contribute a different value of Dp. The most
conservative assumption that the errors originates from the smallest complementary
pattern class (E1010, E0101) would assign the maximal value Dp = 1/2 to all of the errors,
and the quantity Fn−Dp +FK has the lower bound −1/2, which contributes a fraction
of 1− Fstate to the statistics. This resulting in a bound of
min(Fn −Dp + FK) = 13
6
Fstate − 1
2
. (53)
From this bound, we find that a quantum state fidelity of Fstate > 9/13 is sufficient for
an experimental verification of entanglement using the criterion of Eq. (41). In terms
of the numerical value, this is a quantum state fidelity of about 69.23 percent.
Finally, it may also be worth noting that the expectation value of the witness
operator Wˆ for a completely random state ρˆ = 1ˆ/100 can be obtained from Fig. 4
by counting the number of outcomes in the red dashed squares. The results are 0.06
for the fidelity Fn, 0.26 for the fidelity FK , and 0.06 for the pattern class defect Dp.
Therefore, the expectation value of Wˆ for a completely random state is −0.74. For the
ideal state, the expectation value of the witness is 2/3 ≈ 0.67. For a statistical mixture
of the random state and the ideal state given by
ρˆ = p |φ2A,2B〉 〈φ2A,2B |+ (1− p)
1
100
1, (54)
the expectation value of the entanglement witness Wˆ is therefore given by 1.41p− 0.74,
which exceeds zero for p > 0.525 . We can therefore conclude that the experimental
entanglement criterion given by Eq. ((44)) and the corresponding entanglement witness
Wˆ can detect entanglement even when about 45 percent of the state are completely
randomized.
9. Conclusion
In conclusion, we have presented a practical method of evaluating the entanglement
between two local multi-mode systems that can be generated and scaled up easily if
sufficiently reliable single photon sources and linear optics circuits are available. As we
have shown in section 2, the coherent distribution of M photons in M modes to two
different locations by beam-splitting naturally results in large amounts of entanglement
between the two M -mode systems. However, it will be difficult to avoid experimental
imperfections as the number of photons and modes increases. It is therefore essential to
identify experimental criteria that can verify the entanglement through measurements
of the photon statistics that characterize the state. This can be done by measuring
two sets of non-commuting photon number distributions that are related to each
other by a linear optics transformation. Here we argue that the most suitable mode
transformation for this purpose is the discrete Fourier transformation (DFT). The highly
symmetric properties of the DFT allows us to formulate the mode shift rule of DFTs,
which describes a well-defined relation between quantum coherences between different
Evaluation of bipartite entanglement between modes using translation symmetry 24
photon number distributions in the input of the DFT and the experimentally observable
output photon number distributions of the DFT. We can then organize the correlated
measurement results obtained with and without local DFTs in such a way that we can
identify correlations exceeding the limits that apply to all separable states. In section 6
and 7, we have presented specific entanglement witnesses that can be used to verify the
entanglement generated by beam-splitting multiple single photon inputs.
The present work provides the necessary tools for the characterization and control
of entanglement between multi-mode systems with high photon numbers. It thus opens
up new possibilities for the generation and application of quantum states in large scale
systems. Since much effort is currently made to increase the size of optical quantum
circuits, both in terms of the number of modes and in the number of photons, the
present work may serve as a guide to the new territory pioneered by these technological
advances. The concepts developed above should provide helpful examples of how to
address the increasing complexity of large scale quantum systems. In particular, the
DFT and its mode shift rule appear to be an important and highly versatile element in
the quantum optical toolbox for the development of future quantum technologies. We
therefore hope that the present work provides a useful starting point for a more detailed
exploration of the wide variety of new experimental possibilities that are beginning to
emerge as a result of ongoing research in the field.
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